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ABSTRACT. Given floating-point arithmetic with ¢-digit base-f significands in
which all arithmetic operations are performed as if calculated to infinite preci-
sion and rounded to a nearest representable value, we prove that the product
of complex values zg and z1 can be computed with maximum absolute error
|zo||21] %ﬁlft\/g. In particular, this provides relative error bounds of 2724/5

and 2758/5 for IEEE 754 single and double precision arithmetic respectively,
provided that overflow, underflow, and denormals do not occur.

We also provide the numerical worst cases for IEEE 754 single and double
precision arithmetic.

1. INTRODUCTION

In an earlier paper [2], the second author made the claim that the maximum
relative error which can occur when computing the product zgz; of two complex
values using floating-point arithmetic is € 5, where € is the maximum relative error
which can result from rounded floating-point addition, subtraction, or multiplica-
tion. While reviewing that paper a few years later, the other two authors noted
that the proof given wag, incorrect, although the result claimed was true.

Since the bound of € 8 which is commonly used [1] is suboptimal, we present
here a corrected proof of the tighter bound. Interestingly, by explicitly finding
worst-case inputs, we can demonstrate that our error bound is effectively optimal.

Throughout this paper, we concern ourselves with floating-point arithmetic with
t-digit base-{ significands, denote by ulp(z) for & 0 the (unique) power of
such that 3'=!  jaj /ulp(z) < B, and write e = fulp(1) = $3'"; we also define
ulp(0) = 0. The notations  y, z y, and  y represent rounded-to-nearest
floating-point addition, subtraction, and multiplication of the values x and y.

2. AN ERROR BouND

Theorem 1. Let zg = ag + bpi and z1 = a1 + bii, with ag,bg,a1,b1 floating-
point values with t-digit base-0 significands, and let zo = ((ag  a1) (bo 1)) +
((ap b1) (b a1))i be computed. Providing that no overflow or underflow oc-
cur, no denormal values are produced, arithmetic results are correctly rounded to a
nearest representable value, zoz1 6 0, and € 272, the relative error

|22(2021)_1 1|
p—

is less than epg = 1p!=t" b
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Proof. Let ag, by, a1, and by be chosen such that the relative error is maximized.
By multiplying zo and z; by powers of ¢ and/or taking complex conjugates, we can
assume without loss of generality that

(1) 0 a05b07a17b1
(2) bobi  aoar

and given our assumptions that overflow, underflow, and denormals do not occur,
and that rounding is performed to a nearest representable value, we can conclude
that for any x occurring in the computation, the error introduced when rounding
z is at most Sulp(z) and is strictly less than € z.

We note that the error j=(z2  2pz1)j in the imaginary part of z5 is bounded as
follows:

j=(22 20z)i=j((a0 b1) (bo a1)) (aobs +boay)j
jao b1 aghij +jbo  ar  boai]
+ j((a() bl) (bo al)) (ao b1 + by al)j

and consider two cases:

Case I1: ulp(agb; + bpa1) < ulp(ag b1 +by a1)
Using first the definition of ulp and second the assumption above, we must have

apby + boa; < Bulp(aghy +boay) ag by +by  ay
and therefore
|(a0 b1+by a1) Pulp(agh +boar)| < (ap bi+bo a1) (aoghy + boar)
jao b1 aobij+jbo a1 boai]
€ (agby + boay).

However, Stulp(agb; + boay) is a representable floating-point value; so given our
assumption that rounding is performed to a nearest representable value, we must
now have

j((ap b1) (bo a1)) (a0 b1+by a1)j <e (agbs + boar).

Case I2: ulp(ag b1 +bp a1) ulp(agby + boar)
From our assumption that the results of arithmetic operations are correctly
rounded, we obtain

. . 1
j((ap b1) (bo a1)) (a0 bi+by a1) 51111)(@0 b1 +by a1)

%ulp(aobl + boay)
e (apby + boay).
Combining these two cases with the earlier-stated bound, we obtain
=(z2 20z1)] jao b1 apbij+jbo a1 boa]
+i(lao0 b1) (bo a1)) (ao bi+bo a1
<€ (aghy) +€ (boar)+e (agby + boay)
=€ (2a0b1 + 2boay).
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Now that we have a bound on the imaginary part of the error, we turn our
attention to the real part, and consider the following four cases (where the examples

given apply to 8 = 2):
ulp(bob1) ulp(agay) ulp(ag a1 by by) e.g., 20 =2z =0.8+40.17
ulp(bob1) < ulp(ag a1 by b1) < ulp(apar) e.g., 2o =7z =0.8+4+0.45
) e.g., 2=z =08+0.7
ulp(ap a1 by b1) < ulp(bpby) = ulp(apar) e.g., z0 = z1 = 0.8 4+ 0.8i.

(
ulp(ag aq b() bl) ulp(bobl) < ulp(agal

Since we have assumed that bob;  agai, we know that ulp(bgb;)  ulp(apay),
and thus these four cases cover all possible inputs. Consequently, it suffices to prove
the required bound for each of these four cases.

Case R1: ulp(bpb1) ulp(apai) wulp(ap a1 by b1)

Note that the right inequality can only be strict if a9 a7 rounds up to a power
of B and byb; = 0.

We observe that

ap a; by by <apay boby +€ (apar + boby)
and bound the real part of the complex error as follows:
j<(z2 202z1)] jao a1 apaij+jbo b1 bobij
+i(lao a1) (bo b1)) (a0 a1 by bi)j

1 1 1
iulp(aoal) + §ulp(b0b1) + iulp(ao a1 by b1)

1 1 1

iulp(ao ap by b))+ iulp(bobl) + iulp(ao ar by by)
< 2 (ao a1 by bl) +e (bobl)

<€ (2&0&1 bobl) + €2 (2@0&1 + Qbobl).

Applying the triangle inequality, we now observe that

jze  z0z1) = \/< (22 2021)2+=(22 2021)?

< 6\/(2@0&1 b0b1)2 + (2&0()1 + 2b0a1)2 + 62 (2&00,1 + Zbobl)

32, . 4 1 . .
6\/7 jZole2 7(a0b1 b0a1)2 7(2&0&1 5b0b1)2 + 2€2JZ()21]

€ (\/32/7 + 26) jzoz1] < ep 5jz01]

as required.

Case R2: ulp(bob1) <ulp(ag a1 by b1) < ulp(aga)
Noting that ulp(z) < ulp(y) implies ulp(z) S~ 'ulp(y)  Fulp(y), we obtain

. 1 1 1
i<(z2  2021)] §ulp(a0a1)—|—iulp(bobl)—l—iulp(ao ar by by)

7
gulp(aoal)

€ zaa
401
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and therefore

jzo z021j=\/<(22 2021)2 += (22 2021)?

. 2
< 6\/<4a0a1) + (2a9by + 2bpaq)?

1024. 5 196 1
= — b1 b 2 79 128byby )2
6\/ 207 J2021) 207(610 1 0a1) 3312( apay 0b1)

. N .
€4/ 1024/207_]202’1] <€ bJzpz)

as required.

Case R3: ulp(agp a1 by b1) ulp(bobr) < ulp(agas)

In this case, there is no rounding error introduced in computing the difference
between ap aj and by by since ulp(ag a1 by b1) ulp(boby) ulp(by by)
and ulp(ag a1 by b1) <ulp(apa1) ulp(ag aq). Also,

1 1
ulp(bby) Bulp(aoal) iulp(aoal)
so we have

. .1 1
i<(z2  2021)j iulp(aoa1)+§ulp(bob1)

3

Zulp(aoal)

€ §a a
5 @01

and consequently

jze  2pz1) = \/<(Z2 2021)? += (22 2021)?

3 2
< 6\/(2a0a1) + (2a0b1 + 2b0a1)2

256 . . 36 1
= 6\/55 ]z0z112 %éaobl b0a1)2 %(23(10@1 32b0b1)2
€\/256/55jz021] < € Bjzozi]

as required.

Case R4: ulp(ap a1 by b1) < ulp(bob1) = ulp(agai)
In this case, there is again no rounding error introduced in computing the dif-
ference between ag ay and by b1, SO we obtain

j<(z2 zoz1)] jao a1 apaij +jbo b1 bobij
<€ (a0a1+b0b1)
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and consequently

jz2 2071 \/<(22 2021)2 +=(22  20%1)?

< 6\/((10(11 + bobl)2 + (2(10()1 + 2b0a1)2

€ 5jZOle2 (a0b1 b0a1)2 4((10&1 b0b1)2
€ 5jz071j

as required. O

3. WORST-CASE MULTIPLICANDS FOR (3 = 2

Having proved an upper bound on the relative error which can result from
floating-point rounding when computing the product of complex values, we now
turn to a more number-theoretic problem: finding precise worst-case inputs for
0 = 2. Starting with the assumption that some inputs produce errors very close to
the proven upper bound, we will repeatedly reduce the set of possible inputs until
an exhaustive search becomes feasible.

Theorem 2. Let 8 =2 and assume that zg = ag + bpi 6 0 and z1 = a1 + b11 & 0,
where ag,bg,a1,b1 are floating-point values with t-digit base-3 significands, and
zo=((ap a1) (bo b1))+ (a0 b1) (bo a1))i are such that

(1) 0 ag,bo,a1,b
(2) bob1  agpar

(3) boar  apby

(4) 1/2 apa; <1

and no overflow, underflow, or denormal values occur during the computation of

zo. Assume further that the results of arithmetic operations are correctly rounded

to a nearest representable value and that
jz2 zom)  Pe—r

(5) SA T > 5 ne>eomax (\/1024/207, V32/7 + 26)

for some positive integer n. Then
aoar = 1/2+ (jaa +1/2)€ + kaa€”
agby = 1/2 + (jab + 1/2)e + kape®
boar = 1/2 + (jba + 1/2)e + kpa€®
bobr = 1/2 + (job + 1/2)€ + kppe”

for some integers jxy , kxy satisfying

0 Jaa,Jjabs Joa, jbb < 1

Jkaa] ,jkobj < n
Jkab] alkbaj < 5
and ap 6 bo, al 6 bl.
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Proof. From equation (5), we note that ¢  ne < 11/207 < 27%; we will use this
trivial bound later without explicit comment.

From the proof of Theorem 1, we know that Case R4 must hold, i.e., there is no
error introduced in the computation of the difference between ag a; and by by,
and ulp(bpby) = ulp(agay). From inequalities (2) and (4) above, this implies that

1/2 bob1 apa; < 1
j<(z2 2021)] jao a1 aparj+jbo b1 bobij e

We can now obtain lower bounds on jzgz1j and jzo  zgz1j, using the fact that
(agar)(bob1) = (agby)(boar):

jZole2 = (a% + b%) (a? + b%)
= (a0a1)2 + (aob1)2 + (b0a1)2 + (b0b1)2

(1/27 + (aob) + V2 412 o
(aob1)

jzo z0m)” >jzomi (5 ne) (B ne)

as well as an upper bound on jzgz1j:

. .2 102462 . .2
J2021) 207 < Jz2 20%1)
=j<(z2  z202)i° +j=(22  2021)j°
< 62 + (6 (2a0b1 + 2()0(11))2
e+ 4€2j2’02’1j2
i2021j° < @
JZ0z1) 196

‘We now note that

(a0b1)2 jZ()le2 (aoal)2 (b(]b1)2
207 1 1 109

196 4 4 196
so bpa;  agby  4/109/196 < 1and ag b1 +by a1 +/109/49 (1+¢€) < 2; this

implies that ulp(bpa;) ulp(aghi) ulp(1/2) and ulp(ag b1 +by a1) ulp(l),
and therefore

jap b1 agbij €/2
jbo a1 boaij €/2
j((ap b1) (bo a1)) (ap bi+by a1)j e
(22 2021)] €/2+€/24€=2€
which allows us to place upper bounds on jzo  292z1j and jzoz1j:
jzo zozlj2 = j< (29 zozl)j2 +ij=(22 zozl)j2 (6)2 + (26)2 = 52

jZQ Z()le2 5
e(5 ne) 5 ne

Combining the known lower bound €2(5 ne) for jzz  z021j° with the upper
bounds on the error contributed by each individual rounding step, we find that

. .2
Jzo21) <

/2 (1 pl ne)e <jag a1 apaij €/2
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e/2 (1 pl ne)e <jbg b1 bobi] €/2
6/2 (2 4 716)6 < jao by aoblj 6/2

€/2 (2 4 ne)e<jby a1 boarj €/2

and similarly, by combining the upper bound on jz0z1j2 with lower bound of 1/2
for each pairwise product, we obtain

5 3 5+ 3ne
1/2  bod — =4
/ b1 ot \/5 ne 4 \/20 4dne
3

5 5+ 3ne
1/2 _ _
/2 boar  aobs \/5 ne 4 \/20 Ane

Now consider the possible values for aga; which satisfy these restrictions. Since it
is the product of two values which are expressible using ¢ digits of significand, agay
can be exactly represented using 2¢ digits of significand; but since 1/2  agay < 1,
this implies that aga; is an integer multiple of €2. There is therefore at least one
pair of integers jaa, kaa With 0 jaa < € '/2, jkaaj € /2 for which

apay1 = 1/2 + (jaa + 1/2)6 + kaa(?z.

Since ag aq is the closest multiple of € to agay, this implies that

e/2 (1 P 1 nee<jay a1 aparj=¢€/2 jkaaj€
jkaaje <1 pl ne<l (1 mne)=ne
i.e., jkaa] < n, and similarly
5+3
1/2 4+ jaa€e  apas T one \/1/4+ne/4<1/2+%

20 4ne <

ie,0 jaa <n/4

Applying the same argument to agby, bgay, and bob; allows us to infer that they
possess the same structure, as required. To complete the proof, we note that the
rounding errors from the products agpa; and bpb; must be in opposite directions (in
order that they accumulate when subtracted), while the rounding errors from the
products apb; and bpa; must be in the same direction (in order that they accumulate
when added); consequently, we must have ag & by and a1 € b;. O

Corollary 1. Assume that the preconditions of Theorem 2 are satisfied, and assume
further that

1
(6) 5 ag <1

and n 2 2. Then

1
5 < ag,bg,a1,b; < 1.

Proof. Assume that a; 1. Then we can write
apg =1/2 4 Ae
a1 =1+ 2Be
for some 0 A, B < (2¢)~!. From Theorem 2, we have
1/2 4 (A+ B)e + 2ABe* = agay = 1/2 + (jaa + 1/2)€ + kaa €
for some 0 jaa < n/4, jkaaj < n.
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As a result, we must have A+ B n/4 1/2 ¢ 2 and since 0 A, B
this implies 0 2ABe*  ¢/8. However, by reducing the equation above modulo
e, we find that 2ABe> €/2 + kaa€?, which contradicts our bounds on 2ABe2.
Consequently, we can conclude that a; < 1. Now we note that aga; > 1/2 and
ap < 1, so a; > 1/2, and we have both of the bounds required for a;.

Applying the same argument to the other products provides the same bounds

for aop, bo, and bl. [l
Corollary 2. Assume that the preconditions of Corollary 1 are satisfied, and as-
sume further thatn € 72 ande 275. Then

Jaa  Jab  Joa+ Jbob =0,
jao boj ja1 blj < 3né.
Proof. From Theorem 2, we obtain that
ao (Cll bl) =apa; apby = (jaa ].ab)6 + (k'aa kab)GQ
where jjaa  jabj < G, jkaa  Kan] < 37”, and since ag > % (from Corollary 1), we
can conclude that ja;  bij < Se+ 3ne2. Since a; and by are integer multiples of e
and 3ne? < ¢/2, we conclude that ja;  bij %e. Applying the same argument to

the product ai(ag  bg) provides the same bound for jag  boj.
We now note that

{(jaa jab jba JFjbb)ﬁJF (kaa kab  kpa +kbb)€2’ :jao boj jal blj

n 2
(5
2
< €
4

from our assumed upper bound on n, and consequently we can conclude that
jaa  Jab  Jba + Job = 0. Finally, this allows us to write

jao  boj jar bij =jkaa Kkab kba + Kobj €
< 3ne?

as required. 0

Corollary 3. Assume that the preconditions of Corollary 1 are satisfied, and as-
sume further that n ie_l:? Then

(aO bo)(al bl) = 2(jaa jab)(jaa jba)€2
(CLO bo)(al bl)kaa = (kaa kab)(kaa kba)ﬁz

Proof. For brevity and clarity, we will write (ap  bo)(a1  b1) = z€® and note that
x is an integer between 3n and 3n, from Corollary 2. Then

2
ap(ar  b1) ai(ag bo)
= ((jaa jab) + (]faa kab)e) ((jaa jba) + (kaa kba)ﬁ)
= (jaa jab)(jaa jba) + ((jaa jab)(k?aa kba) + (jaa jba)(kaa kab)) €
+ (kaa kab)(kaa kba)€2~

T . 1 9
rapar = 5+ ]aa“‘i € + wkaac”,

rapgay —
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Consequently,

T 2(jaa jab)(jaa jba)
= (2(Jaa Jab)(kaa kba) +2(jaa Jba)(kaa kab) (2jaa +1)x)e€
+ (2(kaa  kab)(kaa  kba) 2kaaz) 627

. . ) ) o n3n n3n n
Jx 2(.7aa ]ab)(]aa ]ba)] <242 + 21? +3 (5 + 1) n) €

3n3
+ (2;2” + 6n2) €2

21
= (3n2 + 3n) €+ 371262
3 3p- 21
=45 <1
61 ‘TRl
and since the only integer with absolute value less than one is zero, we can conclude

that © = 2(jaa  Jjab)(jaa Jba) as required.
We now consider zaga;e~? modulo %6’1, and note that

Tkaa xa0a1672
(kaa k/’ab)(kaa kba)

and further that

i . 3n 3n
jtkaa  (kaa  kab)(kaa koa)i 3n n—}—? >

o 21n? 2let 1

4 64 " 2°

and therefore xkaa = (kaa  kab)(kaa  kba)- O

Theorem 3. Let 8 = 2 and assume that z9 = ag + boi, 21 = a1 + bii, and
zo=((ap a1) (bo b))+ ((ao b1) (bo a1))i are such that

( ) 0 ao,bo,al,bl

(2) bob1  agar

(3) boai  agby

(4) 1/2 apa; <1

(6) 1/2 ag<1

and no overflow, underflow, or denormal values occur during the computation of

zo. Assume further that the results of arithmetic operations are correctly rounded
to the nearest representable value, and that

jz2 z071] < p——

(5) By 5 ne>e max (\/1024/207, V327 + 26)
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for some n < %671:2 and ¢ 275, Then there exist integers co, dy, ag, Bo, c1, di,

ay, B satisfying

a0 = (1 + age) bo = (1 + Boe)
do do
a1 :ﬁ(1+a16) by = 2(14—516)
dy dy
d
ng(CQ,do) =1 ?0 Co do
d
ng(Cl,dl) =1 ?1 C1 d1
1
2¢coc1 = dodi < 3n 5 < ao,bo,al,bl <1
ao Bo e' (mod do) oo & Bo
(6751 51 6_1 (mod dl) (6751 6: ,61

min (o, fo) + min (a1, 61) 0 max (jovoj ,jBoj) max (jouj,jB1j) <n

Proof. Let the values jaa, jab, Jba, Jbb, kaa, Kab, kba, and kpp be as constructed in

Theorem 2, and further let go = gcd(jaa  Jab, (a1 b1)/€). From Corollary 1 we

know that 1/2 < a1,b; < 1, so a; and b; are multiples of €; consequently go must

be an integer. By the same argument, g1 = gcd(jaa  Jba, (@0 bo)/€) is an integer.
Now note that

ng(al bl)eilj(al bl)(10€72 = (jaa jab)€71 + (kaa kab)

and since goj(jaa Jab), we can conclude that goj(kaa kab). By the same argument,
glj(kaa kba)~
We now write

_ Jaa  Jab ! by - kaa  kap
cop = — do = €= —"-"
9o go€ 9o

Jaa  Jba d ag by kaa  kpa
vaa Jba 1 aa  ba

€1 =
g1 g1€ 91
and note that these values are all integers; further, from Corollary 3 we have
dod1kaa = epe; and dod; = 2cpcy, and since ged(co,dg) = ged(er,di1) = 1 by
construction, this implies ged(co,c1) = 1.
We now observe that

C1 —

S aplar  b1)  cogoe + €ogo€®  co + ege
0= - =
ai b1 dogoé dO

o = ar(ap  bo)  crgie+eigie? e +eqe
| = — -
ap bo d1916 dl

and therefore

1/ 1 )
—+ | Jaa + 5 ) €+ kaa€” = apay
2 2
__cpc1 | cpe1 + 60016 €pe1 o
 dody dody dody
1
14 coe1 + eoc1 € + kan?

2 dody
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and thus (using dod; = 2¢qcy)
CcoC1 (Qjaa + 1) = cpe1 + €pCy-

Consequently cpjeger and cijeper, and since ged(cp, ¢1) = 1 it follows that cojeg
and cyje;. Writing eg = coap, €1 = ciay for integers ag, ay, we now have

c c
ao = (1 + age) a1 = —~(1 + ase)
0 dy
and taking By = ag + 2¢191, 81 = a1 + 2¢9go, we have
c c
bo = = (1 + Boe) by = —(1+ Bue)
do dl

as required.

The remaining conditions can be obtained by remembering that ag, by, a1, and
b1 are integer multiples of ¢, and by using the bounds on jy, and kyy given in
Theorem 2. ]

Corollary 4. In IEEE 75 single-precision arithmetic (3 =2, t = 24, ¢ = 2724),
using “nearest even” rounding mode, the values'
3 3 2 2
CL():Z b():z(]. 4;) alzgél—i—lle) b1:§(1+56)
result in a relative error § € 168¢ € 4.9999899864 in zo, and & is the
largest possible relative error for for IEEE 754 single-precision inputs provided that
overflow, underflow, and denormals do not occur.

Proof. Straightforward computation for the values given establishes that

1 1
apa; = 5(1 + 11¢) ag  a; = 5(1 + 12¢)
bb—1(1+ 20€°) bo b=

091 =75 € € o bi=3
<(z021) = e + 10€2 <(z3) = 6e
1 1
apby = 5(1 + 56) ag by = 5(1 + 46)
1 1
boar = 5(1+7e 44€%) by a1 = 5(1+6¢)
=(2021) = 1+ 6 22¢ =(2z2) = 1 +4e

jz2 z0z1j2 =e2(5 108 + 0(62))
jzomj® =14 12¢ 4+ O(?)

and the ratio of these provides the error as stated.

To prove that this is the largest possible relative error for IEEE single-precision
inputs, we note that the mappings zg ! z0%, 21! 214, (20,21) ! (%0, 21), (20,21) !
(21,20), z0 ! =20 2j, and z; ! 2z 2X do not affect the relative error in 29;
consequently, this allows us to assume without loss of generality that conditions
(1-4) and (6) are satisfied by the worst-case inputs. Using the results of Theorem
3, an exhaustive computer search (taking about five minutes in MAPLE on the
second author’s 1.4 GHz laptop) completes the proof. (I

INote that while % is not an IEEE 754 single-precision value, %(1 + 5¢) and %(1 + 11¢) are,
since e ! +5=¢"1 411 =0 (mod 3).
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Corollary 5. In IEEE 75/ double-precision arithmetic (3 =2, t =53, ¢ =273),
using “nearest even” rounding mode, the values
3 3 2 2
a021(1+46) bo =~ a1=§(1+7€> b1:§(1+1€)
result in a relative error in zo of approzimately ep 5  96e ep 4.9999999999999893,
and this is the worst possible provided that overflow, underflow, and denormals do
not occur.

Proof. Straightforward computation for the values given establishes that
jz2 z0mj° = €25 36+ O(e?))
jzo7j° =1+ 12 4+ O(€?)
and the ratio of these provides the error as stated.

As in Corollary 4, an exhaustive search using the results of Theorem 3 (again,
taking just a few minutes) completes the proof. O

For f = 2 and t > 6, the constructions given in Corollaries 4 and 5 for aq, by,
a1, by provide for even and odd t respectively relative errors of e\/ 5 168 + O(e?)

and €4/5  96e + O(e2). We believe that these are the worst-case inputs for all
sufficiently large ¢ when 3 = 2.

4. A NOTE ON METHODS

The existence of this paper serves a strong demonstration of the power of ex-
perimental mathematics. The initial result — the upper bound of = 5e — was
discovered experimentally seven years ago, on the basis of testing a few million
random single-precision products.

Experimental methods became even more important when it came to the re-
sults concerning worst-case inputs. Here the approach taken was to perform an
exhaustive search, taking several hours on the second author’s laptop, of IEEE
single-precision inputs, using only a few arguments from Theorem 1 to prune the
search. Once the worst few sets of inputs had been enumerated, it became clear
that they possessed the structure described in Theorem 3, and it was natural to
conjecture that this structure would be satisfied by the worst-case inputs in any
precision. As is common with such problems, once the required result was known,
constructing a proof was fairly straightforward.
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